The present work is based on our recent discovery of a new class of exact coherent structures generated near the edge of quite general boundary layer flows. The structures are referred to as free-stream coherent structures and were found using a large Reynolds number asymptotic approach to describe equilibrium solutions of the Navier-Stokes equations. In this paper, first we present results for a new family of free-stream coherent structures existing at relatively large wavenumbers. The new results are consistent with our earlier theoretical result that such structures can generate larger amplitude wall streaks if and only if the local spanwise wavenumber is sufficiently small. In a Blasius boundary layer, the local wavenumber increases in the streamwise direction so the wall streaks can typically exist only over a finite interval. However, here it is shown that they can interact with wall curvature to produce exponentially growing Görtler vortices through the receptivity process by a novel nonparallel mechanism. The theoretical predictions found are confirmed by a hybrid numerical approach. In contrast with previous receptivity investigations, it is shown that the amplitude of the induced vortex is larger than the structures in the free-stream which generate it.
This article is part of the themed issue 'Toward the development of high-fidelity models of wall turbulence at large Reynolds number'. vortices generated in the free-stream can generate a passive large amplitude near-wall streak. Thus, the theory establishes a link between free-stream vortices and relatively small near-wall streaky flows. However, the mechanism by which a passively generated streak interacts with the larger active wall streak, such as one governed by vortex-wave interaction, has not been studied.
The excitation of instabilities in a flow by external mechanisms such as roughness or freestream disturbances is called the receptivity process. The possible interaction of the passive wall-streak with vortex-wave near-wall structures through the receptivity is of great interest but vortex-wave interaction states for growing boundary layer problem have not yet been numerically solved. Therefore, in order to gain insight into the interaction problem we shall here look at the interaction of wall streaks with streamwise vortices associated with wall curvature, which can cause Görtler vortices to grow near the wall. There are a number of different asymptotic regimes describing Görtler vortices at high Görtler numbers, whereas at finite Görtler numbers the problem is nonparallel and the concept of a neutral curve does not exist. The most important one in the present context is associated with the right-hand branch of the neutral curve [17] . The generation of Görtler vortices by wall roughness was studied by Denier et al. [19] who found the receptivity process to be weak. However, here we shall show that the free-stream coherent structures are remarkably efficient generators of Görtler vortices.
In the next section, we shall formulate the Blasius boundary layer problem on the curved wall and then briefly summarize [1, 2] . In the same section, we introduce the new numerical free-stream coherent structures in ASBL. Section 3 describes how free-stream coherent structures drive the flow between where they are generated and the top of the boundary layer. Section 4 then shows how the forcing at the top of the boundary layer is then converted into a growing Görtler vortex. Finally in §5, we draw some conclusions.
Free-stream coherent structures
Consider a viscous fluid flow of kinematic viscosity ν over a curved wall. We define the Reynolds number R = U * l * /ν using a typical streamwise lengthscale l * along the wall and the uniform free-stream velocity U * . Throughout we will assume Reynolds number is large so that the flow develops a boundary layer of thickness O(δl * ) with δ = R −1/2 . We use a Prandtl transformation to convert the wall position to be at y * = 0 in Cartesian coordinates (x * , y * , z * ). The transformation produces what is essentially the centrifugal term proportional to the Görtler number in the normal component of the momentum equations. We use boundary layer scalings and so take dimensionless variables (x, y, z) = (x * /l * , δ −1 y * /l * , δ −1 z * /l * ) and scale the corresponding velocity components on U * , δU * , δU * . Neglecting the higher-order curvature terms that do not contribute to the following analysis, then subtracting the basic flow part, the Navier-Stokes equations take the form
and
where u b is the laminar basic flow velocity and [u d , p d ] are the disturbance velocity and pressure. The gradient operator ∇ is defined as (∂ x , ∂ y , ∂ z ). The flow must satisfy no-slip conditions on the wall and for large y approach to uniform free-stream velocity now scaled to be unity. We assume periodicity in t and z with a frequency Ω and a spanwise wavenumber to be specified. The basic flow is, to leading order, the Blasius boundary layer solution. The well-known far-field form of the basic flow In the majority of the flow, the appropriate approximation of (2.1) is the reduced evolution equations for Görtler vortices derived by Hall [12, 18] , namely ∂ x is dropped from the pressure and viscous terms in (2.1). However, Deguchi & Hall [2] showed that, when the streamwise velocity becomes small enough, no terms can be dropped from full Navier-Stokes equations and thus wave-like free-stream coherent structures can be produced. Deguchi & Hall [2] was restricted to flows over a flat plate. Nevertheless, the results derived in that paper are still valid here except for the near-wall region as the effect of the wall curvature does not enter the leading order problem a long way from the wall. The new regime emerges when the deviation of the streamwise velocity from free-stream speed becomes O(R −1/2 ) relative to other velocity components, because here we can introduce fast streamwise scale of O(R −1/2 ) relative to normal and spanwise scales while maintaining the continuity balance. From the quadratic form of the exponent in (2.2), we can find that this 'production layer' is located at a distance O(K) from the wall and has thickness O(K −1 ), where K is a large number to be fixed by R. The thickness implies that the normal component of velocity is O(K) and thus the streamwise component of velocity must
Given the scaling above we find that in the production layer the flow is governed by the nonlinear eigenvalue problem for c 1 :
together with the periodicity conditions
and boundary conditions
is a WKB phase variable, Y, Z are scaled vertical and spanwise coordinates, U, P are scaled velocity and pressure with the free-stream speed subtracted out (see Deguchi & Hall [2] for the details of the scaling). The origin of the vertical variable Y is at the centre of the production layer. It should be noted that with increasing x, the centre of the layer must be shifted upward direction in y because the boundary layer thickens downstream. Therefore, as the coherent structure propagating downstream, in the transformed coordinate, the downward cross flow emerges as shown in (2.4d ). An analysis shows that as Y → −∞, the flow behaves like
where J represents the intensity of the induced streak U and the decay rate ω of roll component V is defined by
Here the spanwise wavenumber of the induced streak β s is not necessarily the same as that of the free-stream coherent structures, β. Then, from (2.5), we see that there is exponential growth of streak beneath the production layer when β s < √ 2. The growth is driven by the balance U ∼ u b V which is often referred to as the lift-up mechanism. The roll V decays for large negative Y but the basic flow u b grows fast enough for U to grow. Surprisingly, the canonical problem (2.4) is exactly the same as that derived by Deguchi & Hall [1] for the much simpler ASBL. Therefore, the solution of (2. 
to (2.1), then we find that the leading order problem becomes (2.4). Deguchi & Hall [1] showed the numerical solutions of ASBL excellently converge to this asymptotic behaviour at large Reynolds numbers. The computation was done by directly solving the discretized Navier-Stokes equations using Newton's method. The bifurcation diagram shown in figure 1 was computed using R ∈ [10 4 , 6 × 10 5 ], and within this range of R the result does not change to graphical accuracy. In Deguchi & Hall [1, 2] , the solution is found in β ∈ [0.2062, 0.4633] for β/α = 2; this result is depicted by the blue dashed curve. Owing to the mirror symmetry of the solution with respect to z, it was found that the induced streak beneath the free-stream coherent structure is subharmonic (i.e. β s = 2β); this is confirmed in the flow visualization shown in figure 2a.
In the Blasius flow problem, the spanwise scale must be the same as the vertical scale of the production layer, O(K −1 ). If we assume the induced streak flow has a period K −1 2π/β 0 in z with scaled wavenumber β 0 , we can show that the wavenumbers of the canonical problem (α, β) and the frequency, wavenumber of Blasius problem (Ω, β 0 ) are related by
This is the reason why Deguchi & Hall [1, 2] computed the ASBL solution branch with β/α fixed. In order to construct free-stream coherent structure at larger x in Blasius flow, we need to pick up the solution of ASBL at larger β s . Although a full investigation of the known ASBL solution branch in the entire wavenumber plane has not been completed, it seems that the solution only Green surfaces indicate 70% of the maximum absolute value of streamwise vorticity. The red and blue surfaces show the 70% of maximum absolute value of perturbation streamwise velocity (red: positive; blue: negative).
exists in a narrow range of β/α around 2. Thus, in order to find solutions for larger β s , we need a new approach. A new solution branch at larger β s can be found by deforming the plane Couette flow solution found in Deguchi [24] to ASBL. The new branch computed for β/α = 1.3 is shown in figure 1 by the red solid curve. Interestingly, the curve exists beyond the threshold β s = √ 2. As can be seen from figure 2b,c, the free-stream coherent structures indeed generate large near wall streaks if and only if β s < √ 2. Another interesting feature of the new solution is that it does not have mirror symmetry. Therefore, the induced streak is not subharmonic (i.e. β s = β) as seen in figure 2b.
Given the numerical solution in ASBL, we can estimate the size of the induced streak beneath the production layer by, for example, calculating J in (2.5). For Blasius flow, the behaviour (2.5) is only valid just beneath the production layer. In the next section using a high Reynolds number approach, we see how the induced streak influences the rest of the flow.
Asymptotic solution beneath the production layer
The flow beneath the production layer is linear and thus governed by the evolution equation derived by Hall [17, 18] . If we write
then, neglecting the small terms, the equations to be solved are
We shall briefly discuss the different asymptotic regimes of this Görtler problem later. Deguchi & Hall [2] showed how for the flat plate case the flow forced by the free-stream coherent vortices is accommodated in an O(K) thickness adjustment layer beneath the production layer. Here the solution takes the WKB form
3)
where
is a scaled vertical variable. The production layer is at ξ = 1 and the WKB phase Θ is normalized to unity there. The WKB amplitude A contains numerically found information of streak growth beneath the production layer, e.g. J in (2.5). In this O(K) adjustment layer, the effect of the Görtler term is still small and thus the solution derived in Deguchi & Hall [2] is still valid. The WKB solution becomes singular at turning points, and the adjustment layer is subdivided into three sectors called the upper, lower and irrotational WKB regions (figure 3a).
As seen in the figure the flow first encounters the irrotational region where the effect of the production layer is the strongest. The appropriate form of the WKB phase in the irrotational region is
As the production layer is at ξ = 1, and Θ = 1 there, u is amplified by a factor O(e K
as the wall is approached. In the irrotational region, the growth rate of the free-stream forcing, Θ x , at the edge of boundary layer ξ = 0 is nearly neutral; further downstream for the case of Blasius flow it is always stable (i.e. Θ x < 0 for the lower and upper regions) and can only stimulate decaying vortices. If we assume the free-stream coherent structure is switched on at x = 1, near the wall the irrotational region exists x ∈ [1, 1 + 1/( √ 2β 0 )]. In this section, we seek a forced near-wall response that matches the small ξ form of the flow in the irrotational region
In the following near-wall asymptotic analysis it is convenient to set β 0 = 1 for the sake of simplicity; in other words, we absorb β 0 into K. At first sight, it might appear unlikely that growing vortices could be excited because the forcing in (3.5) decays exponentially downstream. However, it is now well known (e.g. Ruban [25] ) that what matters is that the forcing is over the natural streamwise lengthscale for vortices and can be converted into exponentially growing natural modes. We will show how the passive streaks persisting at the edge of the boundary layer are internalized by the main boundary layer and converted into exponentially growing Görtler vortices. The process by which external disturbances are converted into growing natural modes of oscillation of a flow was defined as the so-called receptivity problem by Morkovin. Thus, the problem concerned here is the receptivity process of Görtler vortices induced by free-stream coherent structures. 
. This vortex structure due to the centrifugal instability was described in a series of papers by Hall [17, 18] and Denier et al. [19] ; a survey of the key results can be found in Hall [26] . First, we note that if the Görtler number G is O(1) then for all spanwise wavenumbers the instability is described by a parabolic system and the concept of a unique growth rate or neutral curve is not tenable.
At higher values of G nonparallel effects are relegated to being a higher order effect except at small wavenumbers. At O(1) wavenumbers the instability is dominated by inviscid effects and surprisingly there is an exact solution to the eigenvalue problem for the most unstable mode. When the wavenumber reaches O(G 1/5 ), the vortices localize near the wall and viscous effects come into play and the largest possible growth rate is achieved. The next significant regime occurs when the wavenumber is O (G 1/4 ) .
At small wavenumbers, the inviscid regime connects with an interactive, but still quasi-parallel regime, which in turn connects with a nonparallel regime at the left-hand branch of the neutral curve [19, 27] . In a growing boundary layer, the local wavenumber and Görtler number change, as pointed out in the latter two papers; moving downstream a given disturbance passes through these different regimes starting at the left-hand branch. This result was rediscovered some years later by Wu et al. [28] who considered the receptivity problem for vortices impacting on the leading edge of the wall. However, the latter authors overlooked the fastest growing mode in the interactive regime and so came to the erroneous conclusion that far downstream the most unstable mode was not excited.
In the present problem, the vortex wavenumber is small compared with the boundary layer thickness and the forcing from the free-stream has decay rates appropriate to the neighbourhood of the right-hand branch of the neutral curve. Thus, recalling the spanwise wavenumber is β 0 K, we expand the Görtler number as
where G 0 , g ∼ O(1) are constants. Figure 3b shows the near-wall asymptotic structure. Sufficiently close to the right-hand branch, the growth rate is proportional to the wavenumber, see (3.5), and therefore, if free-stream coherent structures exist, receptivity will occur in the irrotational region. As shown in Hall [17] , Görtler vortices at the right-hand branch are trapped in a transition layer within the main part of the boundary layer. We shall see in the next section that it is this transition layer where the receptivity mechanism occurs due to the free-stream forcing penetrating through the many different asymptotic regions. The transition layer is essentially a WKB turning point of the main boundary layer solution, and here the amplitude of the vortices is increased due to the singularity. In the rest of this section, we will show how the passive streaks induced by freestream coherent structures are internalized by the main boundary layer. It should also be noted in the figure that the forcing itself has a turning point layer at the edge of the free-stream. To save confusion, we refer to it as the buffer layer and we will briefly summarize its structure in appendix A. Now we consider the asymptotic structure inside the main boundary layer where y ∼ O (1) . In particular, we are interested in the structure above the transition layer. Here we expand velocities and pressure using WKB form (3.9) that determines the WKB phase θ . There are six roots but the one we are interested in is
which connects to the free-stream forcing (3.5). To simplify the later analysis, we choose the lower bound of the integral as y =ȳ(x) where we assume θ y vanishes. As usual, we can find the equation for the WKB amplitude u 0 combining the next order equations as
The solution of this equation is
The unknown functions B(x) and θ 0 (x) must be found by matching to the free-stream forcing. First, we note that for large y the WKB phase θ behaves like
On the other hand, the matching to (3.5) requires θ → (y − h 1 √ 2x) so we set
As shown in appendix A, there is a buffer layer at O( ln √ ln R) from the wall, and across this layer we must multiply u by the coefficient in (A 6). So for y O( ln √ ln R), u 0 behaves like
Therefore, in order to match this with (3.5),
where C(x) is given in appendix A and is a small parameter defined in terms of R (see (A 1)).
Response in the Görtler transition layer
From (3.12), the main boundary layer WKB solution breaks down when θ y vanishes. This is a WKB turning point and an analysis similar to Hall [17] must be applied. The singularity associated with the turning point increases the disturbance size, and thus Görtler vortices are most evident in the transition layer. In this section, we shall see how the receptivity mechanism converts the free-stream forcing into exponentially growing Görtler vortices in this layer. 
(a) Curvature variations faster than √ x
Here a general curvature distribution is considered, but it will become clear later that receptivity is only possible when the curvature varies faster than √ x. From (3.9), we see that the turning point happens when M = 1; we assume that this occurs at (x, y) = (x,ȳ). Also, since M takes its maximum there in y, it follows that M y = 0. From these conditions, we can fix (x,ȳ) for given G 0 . Around this point, we expand
where we can set θ (x) = 0 without loss of generality. Now let us analyse a small region around the turning point using a stretched coordinate. If we define the short streamwise scale X = K(x −x), then, using (3.7), (3.10) and (3.12), the limiting form of the main boundary layer solution just above y =ȳ is 
where we have assumed m > 0 which is required if the downstream behaviour is to be dominated by an induced Görtler vortex.
As the turning point is of second order, the appropriate thickness of the Görtler transition layer is O(K −1/2 ) so we define the scaled variableY = K 1/2 (y −ȳ) and expand
where the coefficients in the expansion such asū 0 are functions of X andY. The leading and next order equations are satisfied if M has the expansion shown above, and thus in order to findū 0 we need to look at the higher order. Combining the streamwise and vertical components of the momentum equations up to the third order, we have a single equation forū 0 : U(a, s) and V(a, s) (see [29] ). If we require ψ to decay for large negative s then, 
The flow in the Görtler transition layer can then be obtained by evaluating F −1 [Dψ] . The inverse Fourier transformation can be worked by choosing a large semicircular contour with the circular part above or below the horizontal axis depending on whether X is positive or negative. However, the integrand has simple poles on the positive imaginary axis and for large X these give the dominant contribution when the radius of the contour tends to infinity. Therefore, we finally get the expression for the streak for large X:
where X n = (6θ 2 (n + 1/2) − g)/4mu b0 and n are the receptivity amplitudes. This solution is analogous to the nonparallel eigenfunctions of the Görtler problem near the right hand branch derived in Hall [17] . We see then that an infinite number of exponentially growing modes are excited by the free-stream forcing but for large X the solution will be dominated by the most unstable one, namely n = 0 in the expansion above. The amplitude of this mode has size
) relative to the disturbances in the production layer. Therefore, we find the remarkable result that the induced disturbance is larger than the forcing in the free-stream when β 0 is less than 1/ √ 2.
(b) The special case χ = √ 2x
From (4.9), it is now clear that the discussion above is valid when m > 0, and for m < 0 there is no receptivity. The special case m = 0 corresponds to the curvature χ = √ 2x. Here we shall show that the degenerate form of receptivity is still possible for this special case. We know from Hall [18] that the special property of this distribution for the case of Blasius flow is that moving downstream a large wavenumber vortex near the right-hand branch of the neutral curve has negligible nonparallel effects. In this case, the receptivity problem also takes on a simpler form as we shall discuss below. The neutral vortices occur in the Görtler transition layer at η =η ≈ 1.53 where M (η) = 0, M(η) = 1, and G 0 = (u b u bη ) −1 | η=η ≈ 4.18. Around y =ȳ we expand 
Matching to the main boundary layer solution, we find that
When a + 1/2 is zero or a negative integer, the forced solution does not match the freestream forcing. In this singular case, the WKB exponent of the inhomogeneous (forced) and homogeneous (unforced) solutions u =D e Kθ 0 ψ(ã, s) coalesce and thus we encounter a WKB turning point. HereD(x) is an undetermined amplitude and the phaseθ 0 is determined bỹ
The amplitude of homogeneous solution must increase rapidly near the singular point to regularize the singularity and thus we have a region of receptivity. As for this curvature distribution the flow is effectively parallel relative to the boundary layer growth, the mechanism of receptivity is similar to Dempsey et al. [30] for the curved ASBL.
Here we consider the case where a + 1/2 becomes 0 at x =x. As remarked earlier the solution for general β 0 can be obtained replacing K by Kβ 0 in the above discussions for β 0 = 1. At x =x, the phase of the forced solution θ 0 coincides withθ 0 given by (4.13) withã = − 1 2 and we have the expansion
By definition the terms in the square brackets must vanish. That condition relatesx and g by g √ 2x ≈ 3.26. We introduce a short length scaleX =δ −1 (x −x) with a small scaleδ to be determined. Then we write the Görtler transition layer solution as
with unknown amplitudeD(X). Here we assume that ψ 1 (s) matches to the forced boundary condition as s → ∞. Substituting this expression to (4.6), we find that the leading order equation is merely the eigenrelation of homogeneous problem
The next order equation is 17) so that if the two terms in the square brackets balance we must takeδ = (β 0 K) −1/2 . The equation for ψ 1 is an inhomogeneous form of the leading order eigenvalue problem and so has a solution only if a solvability condition is imposed. That condition takes the form −NXD +D = μD(x) with a constant μ and it follows that
Thus a long way upstream, we haveD −μD(x)/NX which represents a passive response of the flow to the forcing while a long way downstreamD(X) √ 2π/NμD(x) e NX 2 /2 so the motion is dominated by an exponentially growing Görtler vortex. The induced streak has the size O( 2 K e K 2 (1− √ 2β 0 ) ) relative to the disturbances in the production layer.
Conclusion (a) The key results of the asymptotic analysis
We have investigated the receptivity process by which streaks in a boundary layer generated by free-stream coherent structures can interact with wall curvature to produce exponentially growing Görtler vortices. The key results are as follows:
(i) In a growing boundary layer, we know from Deguchi & Hall [2] that the streaky structure in the main part of the boundary layer has spanwise wavelength small compared with the thickness of the boundary layer so that a WKB type of analysis can describe the structure of the flow induced beneath the production layer. Here we found the streak driven by the production layer forcing leads to a vortex structure at the edge of the boundary layer but weakly decaying downstream. Crucially, though the lengthscale over which this decay takes place coincides with the lengthscale over which Görtler vortices near the right-hand branch of the neutral curve evolve and over a small region near the neutral location the decaying vortex structure can be converted into an exponentially growing natural Görtler vortex mode of instability. (ii) The conversion into an exponentially growing disturbance is remarkably efficient, if the scaled wavenumber is small enough (β 0 < 1/ √ 2). The amplitude of the vortex is an order of magnitude bigger than the disturbances in the free stream, which interact in the production layer to generate the streaky flow impinging on the top of the boundary layer. This is a surprising result because usually in receptivity theory, the induced mode is smaller than the agent that produced it. Here the amplification of streaks beneath the production layer as described first by Deguchi & Hall [1] is responsible for that effect; the amplification is possible when β s < √ 2 as we confirmed numerically. (iii) The receptivity produces exponentially growing Görtler vortices with a growth rate of O(K 2 ) in the transition layer, if the curvature changes faster than √ x at the neutral point. The special case of the wall curvature varying like √ x renders the Görtler instability problem near the right-hand branch of the neutral curve effectively a parallel flow case. Here again streaks produced by the production layer are remarkably efficient generators of unstable vortices but with a smaller growth rate of O(K).
(b) Hybrid modelling of the receptivity
In order to confirm the theoretical result, we can use a hybrid approach by solving (3.2) for a finite but large Reynolds number. In this way, we can avoid complications associated with the WKB analysis. As shown in Hall [18] , equations (3.2) are parabolic and must be solved by marching in x with given upstream conditions. Here we impose forcing conditions (2.5) at the production layer position and march the equations downstream from a zero disturbance upstream state; details of computational method are given in Deguchi & Hall [2] . We use the solutions on the lower red solid curve shown in figure 1 , since with this new result we can integrate equations (3.2) over a longer streamwise extent than the other solution. We select the wavenumber β 0 = 0.82/ √ 2 so that the saddle-node point (b) in figure 1 (β s = 0.82) corresponds to x = 1 from (2.8). For this wavenumber irrotational region exists in a range x ∈ [1, 2.22] near the wall. Substituting the threshold value β s = √ 2 obtained from (2.5b) and (2.8) we find the position x = 2.97 beyond which there is no exponential growth of the streak beneath the production layer. Thus, for a flat wall the streak will be ultimately unforced and decay in x. However, when the plate is curved receptivity to Görtler vortex will occur and vortices growing exponentially downstream will be produced. The result for the flat plate case G = 0 is shown in figure 4a . In this computation, we set R = 10 7 . As expected the large streaky field is generated beneath the production layer, and it persists only for finite interval of x. Next, we select G so that the receptivity will occur at x =x = 1.5 in the asymptotic limit, using the theory given in §4b. The result shown in figure 4b indeed indicates the generation of large amplitude streak downstream confirming our receptivity analysis.
(c) Future work
Our analysis here was confined to the irrotational regime beneath the production layer described by Deguchi & Hall [2] ( figure 3a) . Further downstream the streaky field driven from the production layer decays downstream exponentially with a growth rate proportional to the square of the spanwise wavenumber. Naturally occurring vortices with comparable growth rates exist once again near the right hand branch of the neutral curve and can be stimulated by the forcing. In that case the Görtler layer moves an O(1) distance from its right-hand branch position but the approach used here can once again be applied. For more general boundary layers, the property of the growth rate may change but the mechanism of the interaction would be similar. The connection of the receptivity mechanism given here and nonlinear vortices such as vortex-wave interaction states is of obvious interest. 
